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Abstract
Consider the non-linear stochastic fractional-diffusion equation{
∂
∂t
u(x, t) = −(−∆)α/2um(x, t) + σ(u(x, t))W˙ (x, t), x ∈ Rd, t > 0,
u(x, 0) = u0(x), x ∈ Rd
with initial data u0(x) an L
1(Rd) function, 0 < α < 2, and m > 0. There is
no mild solution defined for the above equation because its corresponding heat
kernel representation does not exist. We attempt to make sense of the above
equation by establishing the existence and uniqueness result via the reproduc-
ing kernel Hilbert space (RKHS) of the space-time noise. Our result shows
the effect of a space-time white noise on the interaction of fractional operators
with porous medium type propagation and consequently studies how the anoma-
lous diffusion parameters influence the energy moment growth behaviour of the
system.
Keywords: Fractional-diffusion equation, fractional Sobolev space, mo-
ment growth, RKHS, stochastic porous medium equation.
2010 MSC No: 35R15, 35R60, 60H15, 82B44.
1 Introduction
The authors in [3] studied the following fractional stochastic heat equation{
∂
∂t
u(x, t) = −(−∆)α/2u(x, t) + λσ(u(x, t))W˙ (x, t), x ∈ Rd, t > 0,
u(x, 0) = u0(x), x ∈ Rd.
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The operator −(−∆)α/2 is the fractional Laplacian of order 1 < α ≤ 2. λ
is a positive parameter called level of noise and W˙ denotes space-time white
noise. The function σ : R→ R is a Lipschitz function satisfying some growth
condition. A number of research has been carried out on the above equation
for different conditions on the initial function, growth conditions on σ and
different types of noises, see [1, 3, 4] and their references. We now consider
the non-linear fractional-diffusion version of the above equation known as the
stochastic fractional porous medium equation (SFPME)
{
∂
∂t
u(x, t) = −(−∆)α/2um(x, t) + σ(u(x, t))W˙ (x, t), x ∈ Rd, t > 0,
u(x, 0) = u0(x), x ∈ Rd. (1)
The initial data u0(x) is an L
1(Rd) function, the fractional index range 0 <
α < 2, and the porous medium exponent m > 0. The difficulty with studying
the above non-linear equation is that there is no known heat kernel for the
solution and hence one cannot define its mild solution, the reason why little
or no extensive work has been done on it; unlike the linear fractional heat
equation that have received enough attention, see, [3, 4] and their references.
This paper is concerned with the existence, uniqueness and some growth prop-
erties/behaviours of the solution using the reproducing kernel Hilbert space of
the noise, which is the high point of the research. With the porous medium
exponent m = 1 and σ = 0, is a model of the so-called anomalous diffusion.
See [9] which is our main reference paper, for a comprehensive note on the
deterministic case of the above equation. The homogeneous case with m = 1
has a known integral representation given by
u(x, t) =
∫
Rd
pα(t, x, y)u0(y)dy,
where the kernel pα has the Fourier transform pˆα(t, ξ) = e−|ξ|
αt. Thus for
0 < α < 2, the kernel pα has the representation pα(t, x) = t−d/αF (|x|t−1/α) for
some profile function F that is positive and decreasing and behaves at infinity
like F (r) ∼ r−(d+α). That is, the kernel pα is given explicitly by
pα(t, x, y) ≍ t−d/α ∧ t|x− y|d+α ∀ t > 0 x, y ∈ R
d.
There are many physical motivations to considering a fractional Laplacian
operator. Modelling diffusive processes using fractional Laplacian has be-
come relevant especially when modelling long-range diffusive interaction. The
fractional-diffusion equation of the form ∂u
∂t
= −(I−∆)α/2(−∆)γ/2(u)+W˙ (x, t)
with α = 2, γ = 0 arises in neurophysiology. The diffusion operator (−∆)1+γ ,
γ > 0, have been used to define hyper-viscosity and to study its effect on the
inertial range scaling of fully developed turbulence. Therefore the aim of this
Weak Nonmild Solution of Stochastic... 3
article among others is to study the effect of noise on the combination of frac-
tional operators with porous medium type propagation. See [5, 6, 8, 9]and their
references for an in-depth study and analysis of the porous medium equation.
The central idea of the paper is to study some growth properties/behaviours of
the solution. This paper is made up of five sections. In section two, we survey
some basic distribution concepts that will help to fully understand the paper.
Sections three and four give the main results and their proofs respectively,
while a brief summary/conclusion of the paper is given in section five.
2 Preliminary
See ([11], Chapter IX) for more studies on infinitesimal generators and ([2],
Chapter 5) for prerequisite concepts and notions used in this paper. The frac-
tional Laplace operator −(−∆)α/2, α ∈ (0, 2), are infinitesimal generators of
an isotropic stable Le´vy processes. The use of the fractional diffusion operator
to replace the normal (standard) Laplace operator is important because it fur-
ther extends the theory by taking into account the presence of long range inter-
actions. Let Z+ = {n ∈ Z : n ≥ 0} denote the non-negative integers. A multi
index α = (α1, ..., αn) ∈ Z+ is an n tuple of non-negative integers αi ≥ 0. For
multi indices α = (α1, ..., αn), we define |α| = ∑ni=1 αi. If x = (x1, ..., xn) ∈ Rn
and α = (α1, ..., αn) ∈ Zn+, then we define
Dα = ∂α =
(
∂
∂x1
)α1
...
(
∂
∂x1
)αn
=
∂|α|
∂xα11 ...∂x
α1
n
as the partial derivative of order |α|. Let C∞(Ω) be the space of infinitely
differentiable function in Ω, that is, the set of functions with continuous partial
derivatives of any order and C∞0 (Ω) denote the set of C
∞(Ω) functions with
compact support in Ω.
Definition 2.1 (Weak derivatives): Let u ∈ L1(Ω), Ω ⊂ Rn and α =
(α1, ..., αn) ∈ Zn+. The function u is said to have a weak derivative Dαu, if
there exists a function v ∈ L1(Ω) such that
∫
Ω
uDαϕdx = (−1)|α|
∫
Ω
vϕdx, ϕ ∈ C∞0 (Ω)
where v = Dαu.
Definition 2.2 (Schwartz Space): The Schwartz space, S(Rn), is the space
of functions ψ ∈ C∞(Rn) such that
sup
x∈Rn
|xα∂βxψ(x)| <∞, ∀ α, β ∈ Zn+.
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Suppose ϕ ∈ S, then for every d ∈ N and α ∈ Zn+, there exists a constant Cd,α
such that
|∂αϕ(x)| ≤ Cd,α
(1 + |x|2) d2 , ∀ x ∈ R
n.
Definition 2.3 The space of tempered distribution, S ′(Rd), is the space of
linear continuous functional on S(Rd). That is, T ∈ S ′(Rd) if the following
conditions hold:
• Linearity: T (αψ1 + βψ2) = αT (ψ1) + βT (ψ2)
• Continuity: T (ψn)→ T (φ), if φn → φ as n→∞, ψn, ψ ∈ S(Rd).
Assume that γ is a non-negative integer. Then we define the Sobolev space
Hγ(Rd), to be the set of all ψ ∈ L2(Rd) whose (distributional) derivatives ∂αψ
belong to L2(Rd) for |α| ≤ γ:
Hγ(Rd) =
{
ψ ∈ L2(Rd) | ∂αψ ∈ L2(Rd) for |α| ≤ γ
}
.
For fractional and negative exponents, the integral operators and their inverses
can be defined as bounded operators on the fractional Sobolev spaces. Thus,
we give an equivalent characterisation of this definition in terms of Fourier
transforms as follows.
Definition 2.4 For γ ∈ Rd, the Sobolev space Hγ(Rd) is defined by
Hγ(Rd) =
{
ψ ∈ S ′(Rd) | (1 + |ξ|2)γ/2ψˆ ∈ L2(Rd)
}
,
where (1 + |ξ|2)α/2 is the characteristic polynomial of (I −∆)γ/2.
The inner product of two functions ψ and ϕ in Hγ(Rd) is defined as
〈ψ, ϕ〉Hγ(Rd) = 〈(1 + |ξ|2)γ/2ψˆ, (1 + |ξ|2)γ/2ϕˆ〉L2(Rd),
and its norm
‖ψ‖Hγ(Rd) = ‖(1 + |ξ|2)γ/2ψˆ‖L2(Rd).
The fractional Laplace operator (−∆)α/2, is defined through Fourier transform
as follows: let ψ be a test function and (−∆)α/2ψ = ϕ, then
ϕˆ(ξ) = |ξ|αψˆ(ξ). (2)
Gaussian space-time white noise belongs to a special class of Sobolev space
known as a local Sobolev space, see [10].
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Definition 2.5 A function u(x, t) is locally square integrable on Rd×(0,∞)
if ∫
D
|u(x, t)|2dxdt <∞,
for every compact set D in Rd × (0,∞).
Definition 2.6 Suppose γ ∈ Rd. If u is any distribution, we say that
u ∈ Hγloc(Rd× (0,∞)), if for any ψ(x, t) ∈ C∞0 (Rd× (0,∞)), u(x, t)ψ(x, t) ∈
Hγ(Rd × (0,∞)).
There is no known kernel for the equation (1) and therefore we cannot define
a mild solution to the equation, so we give the weak solution in terms of test
functions. Given that ϕ and ψ are test functions, then it follows by equation
(2) with Plancherel’s identity that∫
Rd
(−∆)α/2ϕψdx =
∫
Rd
|ξ|αϕˆψˆdξ =
∫
Rd
|ξ|α/2ϕˆ|ξ|α/2ψˆdξ
=
∫
Rd
(−∆)α/4ϕ(−∆)α/4ψdx.
We begin by first considering when σ = 1:{
∂
∂t
u(x, t) = −(−∆)α/2um(x, t) + W˙ (x, t), x ∈ Rd, t > 0,
u(x, 0) = u0(x), x ∈ Rd. (3)
Before making sense of the above equation, we state the following proposition:
Proposition 2.7 ([10], Proposition 9.5) Let ǫ > 0 and W˙ (x, t) a Gaus-
sian space-time white noise on Rd × [0,∞). Then with probability one,
W˙ (x, t) ∈ H−d/2−ǫloc (Rd × (0,∞)).
Now, multiply equation (3) by a test function ψ and integrate by part,
∫ T
0
∫
Rd
utϕdxdt = −
∫ T
0
∫
Rd
(−∆)α/2umϕdxdt+
∫ T
0
∫
Rd
W˙ (x, t)ϕdxdt.
−
∫ T
0
∫
Rd
uϕtdxdt = −
∫ T
0
∫
Rd
(−∆)α/4um(−∆)α/4ϕdxdt−
∫ T
0
∫
Rd
W (x, t)ϕtdxdt.
In particular, we consider W a Wiener process in S ′(Rd) whose spectral mea-
sure is equal to δ0. The process W has the form W (x, t) = (2π)
−d/4B(t), x ∈
Rd, t ≥ 0, where B is a real-valued Wiener process, see ([7], Example 14.21).
Then∫ T
0
∫
Rd
u(x, t)ϕt(x, t)dxdt =
∫ T
0
∫
Rd
(−∆)α/4um(x, t)(−∆)α/4ϕdxdt (4)
+(2π)−d/4
∫ T
0
∫
Rd
B(t)ϕt(x, t)dxdt.
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3 Main Results
On the space S ′(Rd),W is a square integrable mean-zero Le´vy process that can
be regarded as a square integrable Le´vy process on a properly chosen Hilbert
space. So we give the RKHS of the process W in terms of its covariance K.
Define H as the set of all W ∈ S ′(Rd) such that
|〈W,ϕ〉| ≤ L
√
K(ϕ, ϕ), ∀ϕ ∈ S(Rd), (5)
with a constant L < ∞ independent of ϕ. Let (Hn, 〈., .〉Hn), n ∈ N, be a
decreasing sequence of separable Hilbert spaces, then we have:
Lemma 3.1 ([7], Lemma 14.9) There exist n and C such that |K(ϕ, ψ)| ≤
C|ϕ|Hn|ψ|Hn for all ϕ, ψ ∈ S(Rd).
The next theorem states that W can be seen as a spatially stationary
random field on Rd × [0,∞):
Theorem 3.2 ([7], Theorem 14.24) If the spectral measure µ of W is
finite, then W can be identified with a random field W (x, t), t ≥ 0, x ∈ Rd,
that is,
〈W (t), ψ(t)〉 =
∫
Rd
W (x, t)ψ(x, t)dx, t ≥ 0, ψ ∈ S(Rd × [0,∞)).
We now return to equation (3). We multiply equation (3) by a test function
ψ and integrate by part, thus
∫ T
0
∫
Rd
u(x, t)ψt(x, t)dxdt =
∫ T
0
∫
Rd
(−∆)α/4um(x, t)(−∆)α/4ψdxdt (6)
+
∫ T
0
〈W (t), ψt(t)〉dt.
We can make sense of the above integrals if u and um are to lie on a well defined
spaces, and the possible suitable space for um is the fractional Sobolev space
Hα/2(Rd), defined as the completion of C∞0 (R
d) with the following norm:
‖ϕ‖Hα/2(Rd) =
(∫
Rd
|ξ|α|ϕˆ|2dξ
)1/2
= ‖(−∆)α/4ϕ‖L2(Rd).
Definition 3.3 A function u is a weak solution to equation (3) if:
1. u ∈ L1(Rd × (0, T )) for all T > 0,um ∈ L2loc(Hα/2(Rd); (0,∞)),
2. W satisfies equation (5) with Lemma 3.1.
Weak Nonmild Solution of Stochastic... 7
3. equation (6) holds for every ϕ ∈ C10 (Rd × (0, T )),
4. u(., t) ∈ L1(Rd) for all t > 0, limt→0+ u(., t) = u0 ∈ L1(Rd).
Following the above known results and definition, we thus give main results
of this article.
Proposition 3.4 Suppose u0 ∈ L1(Rd), and let u ∈ L1(Rd × [0, T ]) for
all T > 0 be a weak solution to (1),um ∈ L2loc(Hα/2(Rd); (0,∞)), and W
satisfies equation (5) with Lemma 3.1 then
∫
Rd
u(x, t)dx ∈ C(R+), that is,
u ∈ C(L1(Rd); [0, T ]) and
∫
Rd
u(x, t)dx =
∫ t
0
∫
Rd
σ(u(x, s))W˙ (x, s)dxds+
∫
Rd
u0(x)dx
=
∫ t
0
∫
Rd
σ(u(x, s))W (dx, ds) +
∫
Rd
u0(x)dx.
We will give the proof of proposition 3.4 for σ = 1 for simplicity, but the
same steps apply when σ 6= 1, with σ : R → R Lipschitz continuous. For
existence and uniqueness, we need the following condition on σ. Essentially
this condition says that σ is globally Lipschitz in the first variable.
Condition 3.5 There exist a finite positive constant, Lipσ such that for all
x, y ∈ R, we have σ(0) = 0, and |σ(x)− σ(y)| ≤ Lipσ|x− y|.
The existence and uniqueness result of the main equation follows by equa-
tion (5), Lemma 3.1 and Theorem 3.2.
Theorem 3.6 Under condition 3.5, there exists a unique solution to (3).
The next result is the growth property of the solution using proposition
3.4.
Theorem 3.7 (Exponential growth) There exist constants Lipσ > 0 and
C > 0 such that
‖u(t)‖L2(P) ≤ 1√
C
‖u0‖L1(Rd) exp
(
Lipσ√
C
t
)
.
8 McSylvester Ejighikeme Omaba
4 Proofs of Main Results
We now give proofs to our main results:
Proof of Proposition 3.4:
Let’s define a test function ψ by ψ(x, t) = ϕR(x)φ(t) where ϕR(x) = ϕ(
x
R
) with
the cut-function ϕ defined as follows: ϕ ∈ C∞0 (Rd), 0 ≤ ϕ(.) ≤ 1, ϕ(x) =
1 for |x| ≤ 1, ϕ(x) = 0 for |x| ≥ 2. We have for any test function φ ∈
C∞0 (R
+),
−
∫ ∞
0
∫
Rd
u(t, x)ϕR(x)φ
′(t)dtdx
=
∫ ∞
0
∫
Rd
[
− um(x, t)(−∆)α/2ϕR(x) + W˙ (x, t)ϕR(x)
]
φ(t)dtdx
+
∫
Rd
u0(x)ϕR(x)φ(0)dx
=
∫ ∞
0
∫
Rd
[
− um(x, t) 1
Rα
(−∆)α/2ϕ( x
R
) + W˙ (x, t)ϕR(x)
]
φ(t)dtdx
+
∫
Rd
u0(x)ϕR(x)φ(0)dx.
Taking limit as R→∞, we obtain using the Lebesgue dominated convergence
theorem, that
−
∫ ∞
0
∫
Rd
u(x, t)φ′(t)dtdx =
∫ ∞
0
∫
Rd
W˙ (x, t)φ(t)dtdx+
∫
Rd
u0(x)φ(0)dx.
Let Fu(t) =
∫
Rd
u(x, t)dx and FW˙ (t) =
∫
Rd
W˙ (x, t)dx where Fu(t) belong to
L1loc(R
+) and FW˙ (t) belong to L
2
loc(P). Let T > 0 and consider the test func-
tion φ(t) = 1{0≤t≤T}; also choose a sequence of test functions φn ∈ C∞0 (R+)
with φn decreasing, φn(t) ≤ φ(t) and φn(t) = 1 on the interval [0, T − 1/n]
for sufficiently large n. Then we have the following by applying Lebesgue
dominated convergence theorem on Fσ:
−
∫ ∞
0
Fu(t)φ
′
n(t)dt
=
∫ ∞
0
FW˙ (t)φn(t)dt+
∫
Rd
u0(x)φn(0)dx→
∫ T
0
FW˙ (t)dt+
∫
Rd
u0(x)dx
as n → ∞ and δ → 0. This shows that Fu ∈ C(R+) or better still, has a
continuous representation in its Lebesgue class. Now choosing φn nicely, at
each Lebesgue point T of Fu, one also passes a limit on the left hand side to
obtain that
Fu(T ) =
∫ T
0
FW˙ (t)dt+
∫
Rd
u0(x)dx.
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Proof of Theorem 3.6:
By Lemma 3.1, equation (5) and Ho¨lder’s inequality, we have that
∫ T
0
∫
Rd
u(x, t)ψt(x, t)dxdt

≤ ‖(−∆)α/4um‖L2(Rd×(0,T )).‖(−∆)α/4ψ‖L2(Rd×(0,T )) + T L
√
C sup
0≤t≤T
|ψt|Hn
= ‖um‖Hα/2(Rd×(0,T )).‖ψ‖Hα/2(Rd×(0,T )) + T L
√
C|ψ|Hn <∞.
Going back to equation (1), we have that
E

∫
Rd
[u1(x, t)− u2(x, t)]dx
2 = E

∫ t
0
∫
Rd
[σ(u1(x, t))− σ(u2(x, t))]W (dx, dt)
2
≤ Lip2σE
∫ t
0
∫
Rd
|u1(x, t)− u2(x, t)|2dxdt.
Let there exists C > 0 such that
C
∫
Rd
E|u1(x, t)− u2(x, t)|2dx ≤ E

∫
Rd
[u1(x, t)− u2(x, t)]dx
2,
then it follows that ‖u1 − u2‖L2(P) ≤ Lipσ
√
T/C‖u1 − u2‖L2(P) which proves
the uniqueness given that 1− Lipσ
√
T/C > 0.
Proof of Theorem 3.7:
From the above proposition 3.4, we have that
‖u(t)‖L2(P) ≤ Lipσ√
C
∫ t
0
‖u(s)‖L2(P)ds+ 1√
C
‖u0‖L1(Rd),
and the result follows by Gronwall’s lemma.
5 Conclusion
We are able to establish the not so easy existence and uniqueness of the solution
by reproducing kernel Hilbert space of the noise since there does not exist a
heat kernel and consequently no mild solution to the non-linear equation. Also
proved is the second moment growth estimate for the solution.
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